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1. Introduction
As part of an ongoing project to develop methods for the classification of simple groups
of finite Morley rank based on ideas of finite group theory which have proved useful in the
classification of the finite simple groups, we will prove the following result on the structure
of “parabolic subgroups.” (For precise definitions of the terms used, in the special sense
appropriate to our present context, see the next section.)
Theorem. Let G be a connected simple K∗-group of finite Morley rank, and of even type,
and P a parabolic subgroup. Then F ∗(P )=O2(P ).
This theorem provides the last ingredient needed to begin an analysis using the amalgam
method in the spirit of [DS] or [Stl], and by combining that method with the result of [BB]
it should be possible to derive the following.
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of even type. Then G is isomorphic as an abstract group to a group of Lie type over an
algebraically closed field of characteristic 2.
Thus the present paper marks a transition from the development of general methods,
as in [ABC2,Jal2,ABC3,ABC4] suggested by the experience of finite group theory, to
the point at which these methods can be applied effectively to obtain comprehensive
classification theorems.
The theorem has two quite distinct parts:O2′(P )= 1 andE(P)= 1. As we shall explain
in Section 2, on the basis of [ABC2, Section 10] and [Jal2] parabolic subgroups in our sense
satisfy O(P)= 1 where O(P) is the largest definable connected normal subgroup without
involutions. Some additional argument is needed to eliminate O2′ entirely, but the main
point of the present paper is the elimination of components from P (E(P)= 1).
We have also derived a full version of the Aschbacher Standard Component Theorem
using similar methods; it turns out that the theorem stated above is more useful, as one can
then pass directly to an application of the amalgam method. In this way we avoid all of the
complications which arise in the analysis of finite simple groups of characteristic 2 type,
and we do not need to deal with standard components.
2. Definitions
We generally refer to the text [BN] for background material on groups of finite Morley
rank, including the basic properties of Morley rank in groups, existence of connected
components, Sylow theory for the prime 2, and the solvable and Fitting radicals. Our
notation for the solvable radical deviates from [BN]; we use σ(G) rather than R(G).
For iterated commutator subgroups we write G(n+1) = (G(n))′ and G(∞) =⋂n G(n). Our
notation for the generalized Fitting subgroup follows Bender: F ∗(G)= F(G)E(G). Some
of this material will be reviewed and developed further in the next section.
Some care has to be taken with the notation because of issues of definability and
connectedness. The 2-Sylow subgroups are not necessarily definable or connected; the
(locally) solvable radical and Fitting subgroups can be shown to be definable in the finite
rank context, and are, respectively, solvable and nilpotent [BN, p. 112]. They need not be
connected, but if G is connected then E(G) is clearly connected. In using the 2-Sylow
theory we focus on the connected components of the Sylow 2-subgroups, which we call
Sylow◦ 2-subgroups.
We write N◦(H) for N(H)◦, with similar notations for other operations on groups.
O2(G) is the maximal normal 2-subgroup of G, and in the case of groups of even type this
is definable since F(G) is. By Fact 2, O2(G) also tends to be connected, a fact which may
be exploited without explicit mention. Note, however, that we define O(G) as the maximal
normal definable connected subgroup of G without involutions; this is called the core of G.
The related and more delicate concept of O2′(G) is discussed in the concluding section,
but plays no role prior to that point.
Let G be a group of finite Morley rank. A definable section of G is a quotient H/K
with K  H and H , K both definable in G. G is a K-group if every connected simple
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a K∗-group if every proper section of G is a K-group (so either G is itself a K-group, or
G is simple).
We come now to the crucial even/odd type distinction. If S is a Sylow 2-subgroup of G,
then its connected component S◦ has a simple structure: S◦ = U ∗ T , a central product
with finite intersection, where U is 2-unipotent (that is, a definable, connected, nilpotent
2-subgroup of bounded exponent) and T is a 2-torus (that is, a divisible abelian 2-group).
We say that G is of:
even type if U = 1 and T = 1; odd type if U = 1 and T = 1;
mixed type if U,T = 1; degenerate type if U,T = 1.
A 2-local subgroup of G is the normalizer of a nontrivial definable 2-subgroup of G.
A 2-local◦ subgroup of G is a group of the form N◦(Q) where Q is a nontrivial definable
connected 2-group.
A Borel subgroup is a maximal definable connected solvable subgroup. For groups of
even type, a standard Borel subgroup is a Borel subgroup containing a Sylow◦ 2-subgroup.
In a K∗-context, a standard Borel subgroup will coincide with the connected component
of the normalizer of a Sylow◦ 2-subgroup. A parabolic subgroup is a definable connected
subgroup containing a standard Borel subgroup.
We will prove in Section 4 that proper parabolic subgroups of connected simple K∗-
groups of finite Morley rank and even type are 2-local◦. From [ABC2, Section 10]
and [Jal2] it follows that 2-local subgroups of connected simple K∗-groups of finite Morley
rank and of even type have trivial core, and hence the same is true of proper parabolic
subgroups under the stated hypotheses.
At this point the notions used in the statement of the main theorem have been sufficiently
explained; additional background material will be given in the next section. Another word
may be added about the context in which we are working. The main conjecture in the
area, proposed independently by Zilber and one of us, is that any simple group of finite
Morley rank should be isomorphic, as an abstract group, to an algebraic group over an
algebraically closed field. Within an inductive (i.e., K∗) context, the mixed type case is
eliminated outright by a theorem of Jaligot, improving on [ABC1]:
Fact 1 [Jal1]. Let G be a simple K∗-group of finite Morley rank. Then G is not of mixed
type.
The analysis of groups of degenerate type is undoubtedly a formidable problem, even
leaving aside the worst case, strictly analogous to Feit–Thompson, in which there are no
involutions. The analyses of odd type and even type groups have been approached along
very divergent lines, and the work here is firmly embedded in the even type context. For
the case of odd type, one has the theorem of [BoOdd] which amounts to a division of the
tame odd type case into three special subcases. While there is no such a priori division in
the case of groups of even type, work in progress should give the complete classification
in this case, under the assumption that the groups involve no degenerate simple sections.
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This section is devoted to background material running parallel to the theory of finite
groups used in our proof. This includes some standard material from [BN], though we will
also use some elementary material from [BN] without explicit mention.
Definition 1. Let G be a group of finite Morley rank.
1. A unipotent subgroup is a connected definable nilpotent subgroup of finite exponent.
For p a prime, a p-unipotent subgroup is a unipotent p-subgroup.
2. A torus is a definable divisible abelian subgroup of G. For p a prime, a p-torus is a
divisible abelian p-subgroup of G.
3. F (G) is the Fitting subgroup of G.
4. A quasisimple group is a perfect group which is simple modulo its center.
5. E(G) is the group generated by the definable subnormal quasisimple subgroups of G;
it is a central product of finitely many such groups.
3.1. Generalities
Fact 2 [ABC4, 2.26]. Let H be a connected K-group of even type. Then O2(H) is
connected.
Fact 3 [ABC2, 2.43]. Let G=H T be a group of finite Morley rank,QH a T -invariant
definable π -subgroup of bounded exponent. Suppose that T is a definable π⊥-subgroup
of G, and that Q and T are solvable. Then
CH/Q(T )= CH (T )Q/Q.
Corollary. Let G = H  T be a solvable group of finite Morley rank with H and T
definable. Assume that H is a π -group of bounded exponent and T is a π⊥-group. Then
H = [H,T ]CH(T ).
3.2. Structure
Fact 4 [ABC3, 2.33]. Let H be a connected K-group of finite Morley rank of even type
with O2(H)= 1. Then H =E(H) ∗O(H).
Fact 5 [AltSE, Fact 2.43]. Let H be a connected K-group of finite Morley rank. Then
H/σ(H) is a direct product of finitely many simple algebraic groups.
Fact 6 [NeSo]. Let H be a connected solvable group of finite Morley rank. Then H/F ◦(H)
is divisible abelian.
Fact 7. Let U be a unipotent subgroup of a solvable group H of finite Morley rank. Then
U  F ◦(H).
254 T. Altınel et al. / Journal of Algebra 269 (2003) 250–262Proof. By Fact 6 UF ◦(H)/F ◦(H) is a divisible group, and as it is also of bounded
exponent, it is trivial. ✷
Corollary. Let H be a connected solvable group of finite Morley rank and of even type.
Then O◦2 (H) is the unique Sylow 2-subgroup of H .
Proof. Let S be a Sylow 2-subgroup of H . By Fact 7, S◦ =O2(F ◦(H)), so S◦ =O◦2 (H).
Passing to H/O◦2(H), we may suppose that S is finite. Then S  F ◦(H) by Fact 6, and
hence S = 1 since F ◦(H) is connected and nilpotent and S is finite (cf. [BN, Corollary
6.14]). ✷
Fact 8 [ABC2, Theorem 10.20, Jal2]. If G is a connected simple K∗-group of finite Morley
rank of even type and H is a 2-local subgroup then O(H)= 1.
In [ABC2] it is shown that a counterexample to this result produces a weakly embedded
subgroup, and then invoking [Jal2], the result follows.
Fact 9 [BNSZ1,BNSZ2]. Let G be a solvable group of finite Morley rank and Q a normal
Hall π -subgroup of G. Then Q has a complement in G. If Q has bounded exponent,
then the complements of Q in G are definable, and are conjugate to each other, and any
subgroup K of G with K ∩Q= 1 extends to a complement of Q in G.
Fact 10. Let G be a K∗-group of finite Morley rank and of even type, and S a Sylow◦
2-subgroup of G. Then N◦(S) is a Borel subgroup of G. If G is simple then N◦(S) has the
form S  T with T a torus.
Proof. N◦(S)/S is a connected K-group whose Sylow 2-subgroups are finite and hence
trivial by Facts 2 and 4. Thus the quotient is solvable, and hence N◦(S) is solvable.
Conversely, if B is a connected solvable subgroup of G containing S then S  B by the
Corollary to Fact 7. Thus N◦(S) is a Borel subgroup of G.
Suppose that G is simple. Let B =N◦(S). Then F ◦(B)= S by Fact 8. Hence B/S is a
torus by Fact 6. By Fact 9 B splits as S  T with T  B/S a torus. ✷
3.3. Algebraic groups
Fact 11 [AC]. Let H be a group of finite Morley rank which is a perfect central extension
of an algebraic group over an algebraically closed field. Then Z(H) is finite and H is an
algebraic group.
We note that as an abstract group it is quite possible for an algebraic group over an
algebraically closed field to have perfect central extensions with infinite center. The point
is that such extensions cannot have finite Morley rank.
Fact 12 [BN, Theorem 8.4, p. 124]. Let G be a group of finite Morley rank, and H a
definable normal subgroup which is isomorphic to a quasisimple algebraic group over an
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extension of the group of inner automorphisms by graph automorphisms.
Fact 13 [ABC3, 2.34]. Let H be a central product of quasisimple algebraic groups over
algebraically closed fields of characteristic 2, and let A  H be a quasisimple subgroup
which is normalized by a Sylow 2-subgroup of H . Then A H .
Proof. This is stated in [ABC3] for the case in which H is a direct product of simple
groups and A is also simple. Evidently the present formulation amounts to the same
thing. ✷
Fact 14. Let H be a quasisimple algebraic group over an algebraically closed field of
characteristic 2, B a Borel subgroup, and S =O2(B). If S = S1S2 with [S1, S2] = 1 and
S1, S2 B then S = S1 or S2.
Proof. S1 and S2 are products of root groups, more precisely they are directly spanned by
root groups in the sense of [HuAG, p. 171], by [HuAG, Proposition 28.1]. Furthermore,
we claim that every root group lies in one or the other of these two groups: if an element
s of a root group is written as s1s2 with s1 ∈ S1, s2 ∈ S2, where s1 and s2 are expressed
as products of elements of distinct root groups (so that in particular no root group makes
a nontrivial contribution to both s1 and s2) then necessarily one of these elements is s and
the other is trivial.
In particular, the set of fundamental roots is expressed as the union of two sets A and B
of roots, so that if r ∈A\B and s ∈ B then r + s is not a root, and similarly with A and B
reversed. Since the Dynkin diagram for H is connected, this forces one of these two sets to
contain all the fundamental roots (even in characteristic 2 the coefficients in the Chevalley
commutator formula do not degenerate sufficiently to affect this, though one has to check
the various cases, such as G2, individually). ✷
Corollary. Let H be a central product of quasisimple algebraic groups over algebraically
closed fields of characteristic 2, B a Borel subgroup, and S =O2(B). Suppose S = S1S2
with [S1, S2] = 1 and S1, S2  B . Then H = H1 ∗ H2 where for i = 1,2, Si ∩ Hi is a
Sylow subgroup of Hi . If in addition S = S1 × S2 then Si is a Sylow subgroup of Hi and
H1 = CH (S2) and H2 = CH(S1).
The next fact is very likely to be found in the literature but we were unable to locate an
appropriate citation.
Fact 15. Let G be a quasisimple algebraic group over an algebraically closed field, B a
Borel subgroup, and S the unipotent radical of B . Let Φ be the system of positive roots
corresponding to S. Then S′ is directly spanned by the root subgroups corresponding to
the nonsimple roots of Φ .
Proof. Let B = S  T with T a maximal torus. As S′ is T -invariant, it is directly spanned
by certain root subgroups. By the Chevalley commutator formula, all such roots are
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and for this we need to open up the commutator formula a little.
The Chevalley commutator formula [Ca, p. 76, Theorem 5.2.2] states that
[xβ(u), xα(t)] =
∏
xiα+jβ
(
Cijαβ (−t)iuj
)
with the product taken over pairs of positive integers i, j for which iα + jβ is a root, in
order of increasing i+ j , where the coefficientsCijαβ are determined as follows [Ca, p. 62,
line 2].
If the chain through β of roots iα+ β is: −pα+ β, . . . , β, . . . , qα+ β , where 0 p,q
and p + q  3, and similarly the chain through α is: −p′β + α, . . . , α, . . . , q ′β + α, then
we have
|C1jαβ | =
(
p′ + j
j
)
, |Ci1αβ | =
(
p+ i
i
)
, |C32αβ | = 1, |C23αβ | = 2.
Write γ = γ1 + γ2 with γ1 simple and γ2 positive. Then γ belongs to the rank 2 root
system generated by γ1 and γ2. So it suffices to prove our claim for root systems of rank 2.
If α,β are fundamental roots, with α taken to be short if the lengths are distinct, then
p = p′ = 0, and hence all coefficients Cijαβ are ±1, since C23αβ would only occur in type
G2, and with α long.
Hence in the Chevalley commutator formula, [Sβ,Sα] contains an element whose
factorization into elements from appropriate root groups has a nontrivial term in each factor
Siα+jβ for which iα + jβ is a root. As this factorization is unique, once the order of the
terms is fixed, and the commutator subgroup is directly spanned by some of these root
groups, our claim follows. ✷
3.4. C(G,T )
Definition. Let G be a group of finite Morley rank, and T a Sylow◦ 2-subgroup of G.
Then C(G,T ) is the subgroup of G generated by all groups of the form N◦(X) for X  T
nontrivial definable, connected and N◦(T )-invariant.
The following result, the C(G,T )-theorem, is perhaps the strongest form of a series of
results which have been built up in [AltSE,ABC2,Jal2,ABC3]. It will play a key role in the
proof of our main theorem.
Fact 16 [ABC4, 3.5]. Let G be a connected simple K∗-group of finite Morley rank of
even type, and T a Sylow◦ 2-subgroup of G. If C(G,T ) < G then G SL2(F ) for some
algebraically closed field F of characteristic 2.
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Lemma 1. Let H be a connected K-group of finite Morley rank and even type, and A a
definable quasisimple subgroup of H such thatN◦(A) contains a Sylow◦ 2-subgroup of H .
Then A H .
Proof. Let S  N◦(A) be a Sylow◦ 2-subgroup of H . Let H = H/O2(H). By Fact 4
H = E(H) ∗O(H) and by Fact 13, A¯ is normal in E(H) and hence in H . In terms of H
we have AO2(H) H . But O2(H) S so [A,O2(H)] A∩O2(H), and A ∩O2(H)
Z(A), by quasisimplicity. Thus [A,O2(H)] = 1 by the three-subgroups lemma. Thus
A=E(AO2(H)) H . ✷
Proposition 1. Let G be a connected simple K∗-group of finite Morley rank, and of even
type, and P a proper parabolic subgroup. Then E(P)= 1.
Proof. Suppose toward a contradiction that A is a quasisimple component of P . Let S be
a Sylow◦ 2-subgroup of G such that N◦(S) P . We will show that C(G,S)N(A), and
then Fact 16 produces the desired contradiction.
We first consider the structure of P . As P is connected, so is A, and A is normal in P .
A is an algebraic group by Fact 11. In particular the center of A is finite, and of odd order
since the characteristic is two. By Fact 12
P =A ∗CP (A), a central product. (1)
Let SA = S ∩A, a Sylow 2-subgroup of A. As elements of S induce inner automorphisms
of A which normalize SA and have order a power of 2, we find
S = SA ×CS(A). (2)
LetB =N◦(S), a standard Borel subgroup contained in P , and set BA = B∩A=NA(SA),
a Borel subgroup of A in both the model theoretic and algebraic senses. As B normalizes
BA and acts by inner automorphisms on A, we have also
B = BA ∗CB(A), a central product with finite intersection. (2′)
By Fact 10 we have B = S  T for some torus T . By Fact 9 BA = SA  TA with
TA = T ∩A, and again
T = TA ∗CT (A). (2′′)
As A is a quasisimple algebraic group, we have
[TA,S] = SA; CS(TA)= CS(A). (3)
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normalized by B , and set K =N◦(X). We must show
K normalizes A. (∗)
We consider the structure of K . Set Q=O2(K) and K =K/Q, and let QA =Q∩A.
Then Q S  B K . By Fact 4 we have
K =E(K) ∗O(K). (4)
Let T0 be the preimage of O(K) in K . Then T0 N◦(S)N◦(A). So it suffices to prove:
E(K) normalizes A. (∗∗)
Now TA  K so we may consider the action of TA on Q. As Q  SA × CS(A) =
[S,TA]×CS(A) we have CQ(TA)= CQ(A). Since A is a quasisimple algebraic group, we
have QA = [QA,TA]. Thus [Q,TA] =QA.
Since by the corollary to Fact 3, Q= [Q,TA]CQ(TA), we find
Q=QA ×CQ(A). (5)
Now in K we deduce from (2), (5)
S = SA ×CS(A) (6)
and as CS(A)= CS(TA) it follows from Fact 3 that
CS(A)= CS(TA). (7)
Now we may apply the corollary to Fact 14 to E(K) and S , to get the associated
decomposition of E(K), which we may express as follows: there are normal subgroups
K1,K2 K containing Q such that
E(K)=K1 ∗K2,
SA,CS(A) are 2-Sylow subgroups of K1,K2, respectively,
K1 = CE(K)(CS(A)), K2 = CE(K)(SA). (8)
This decomposition may degenerate, and we will need to consider carefully the case in
which K2 = 1, i.e., QCS(A). Suppose first however that this is not so
K2 = 1. (I)
Let K∗ = CK∗2 (TA). We claim
K2 =QA ×K∗2 . (I.1)
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Sylow 2-subgroup ofK2, and TA is a 2⊥-group, it follows that TA centralizesK2. By Fact 3
we have K2 =QK∗2 =QAK∗2 . As QA ∩K∗2 = CQA(TA) = 1, we have K2 =QA K∗2 ,
and we claim that K∗2 acts trivially on QA.
Now S ∩K2 is a Sylow 2-subgroup of K2, so S ∩K∗2 is a Sylow 2-subgroup of K∗2 .
But S ∩K∗2  CS(TA) = CS(A), so S ∩K∗2 acts trivially on QA. Thus the kernel of the
action of K∗2 on QA is a normal subgroup of K∗2 containing a Sylow 2-subgroup of K∗2 ,
and hence K2 =E(K∗2 ) acts trivially on QA. Thus (I.1) holds.
We show next
CS(TA) is a 2-Sylow◦ subgroup of C(TA). (I.2)
Let S2 = CS(TA). As S = SA × S2 = SA we have S2 = 1 and S  N◦(S2). Thus
Lemma 1 applies to N◦(S2) to yield A N◦(S2). So N◦(S2)N(A), and
N◦C(TA)(S2)N(A) ∩C(TA),
N◦C(TA)(S2)CN◦(A)(TA)= TAC◦(A).
Now S2 is a 2-Sylow◦ subgroup of C◦(A) and hence of TAC◦(A), so S2 is a 2-Sylow◦
subgroup of its normalizer in C(TA), and by the normalizer condition S2 is a 2-Sylow◦
subgroup of C(TA), as claimed.
Now let Q2 = CQ(TA) and set H = NC(TA)(Q2). Then S2  K∗2  H and K∗2/Q2 
K2 is a central product of quasisimple groups. Using the bar notation now for passage to the
quotient modulo Q2, we have S K∗2 H , with S2 a 2-Sylow◦ subgroup of H . Lemma 1
applies here and shows K∗2  H . As S2 is a 2-Sylow◦ subgroup of H , we conclude that
K∗2 =E(H).
Now NA(TA) normalizes C(TA) and centralizes Q2 (since A does), so NA(TA)
normalizes H , and acts on H , normalizing K∗2. Thus NA(TA) normalizes K∗2 , and also
normalizes (K∗2 )(∞) =K(∞)2 .
Since BA and NA(TA) normalize K(∞)2 and generate A, we have AN(K
(∞)
2 ). Under
our hypothesis (I),K(∞)2 = 1, and as S N(K(∞)2 ), Lemma 1 applies to giveAN◦(K∞2 ),
and hence K N◦(K(∞)2 )N(A) as claimed.
We now take up the remaining degenerate case
K2 = 1. (II)
In this case Q2 = CQ(TA)= CS(TA), E(K)=K1, and SA covers a Sylow 2-subgroup
of K1, which is a central product of quasisimple algebraic groups. As K1 is generated by
the Levi factors of its minimal parabolic subgroups containing B ∩K1, it will suffice to
show that if P 1 is a minimal parabolic subgroup of K1 with B ∩K1  P1 K1, then
P
(∞) N(A). (†)1
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relationship. The subgroup SA is the span of root subgroups Sα in A where α varies over a
set Φ of positive roots for A; similarly SA is the span of root subgroups in K1 indexed by a
set Φ ′ of positive roots for K1. The root groups Sα are the minimal nontrivial T -invariant
subgroups of SA; as QA is T -invariant, QA is spanned by root groups Sα indexed by some
subset Φ0 of Φ . On the other hand, the root groups in SA, relative to K1, are the minimal
nontrivial T -invariant subgroups, which are of the form SαQ with an α /∈Φ0. Thus there
is a natural identification ι :Φ\Φ0 ↔Φ ′. We do not claim that this bijection automatically
preserves additional structure (length, Dynkin diagram, linear relations). However, under
this map, simple roots in Φ ′ correspond to simple roots in Φ (outside Φ0), since the root
group SαQ corresponds to a simple root in K1 if and only if Sα  [S,S]Q, in view of the
Chevalley commutator formula (Fact 15).
Returning now to our group P1  K1, let R  P1 be the preimage of O2(P 1). Then
Q  R  S = SAQ and hence R = RAQ with, as usual, RA = R ∩ SA. As P 1 is a
minimal parabolic subgroup of K1, there is a simple root ι(δ) ∈ Φ ′ such that R is
spanned by Sα (α ∈ Φ\Φ0, α = δ) and hence RA is spanned by Sα for a α ∈ Φ , α = δ.
Setting PA = NA(RA), it follows that PA is a minimal parabolic subgroup of A, with
O2(PA)=RA.
Now (PAQ/R)(∞)  (PA/RA)(∞) is a simple subgroup of N◦(R)/R containing
the Sylow◦ 2-subgroup S/R, and by Lemma 1 we get P (∞)A R  N◦(R). Looking in
N◦(R)/R at the images of P (∞)A and P
(∞)
1 , we see that P
(∞)
1  PAR. Thus P∞1 N(A),
proving (†). ✷
Proposition 2. Let G be a connected simple K∗-group of finite Morley rank, and of even
type, and P a proper parabolic subgroup. Then P is a 2-local◦ subgroup of G.
Proof. By Fact 2, O2(P ) is connected. If O2(P ) = 1 then by Fact 4, P = E(P) ∗O(P).
As E(P)= 1, this yields P =O(P), a contradiction.
Let Q = O2(P ). Then P is contained in the 2-local◦ subgroup H = N◦(Q), and
we claim P = H . Easily Q = O2(H). Hence working in H = H/Q we have P =
E(P ) ∗ O(P) and H = E(H) ∗ O(H) by Fact 4. Let H1, H2 be the preimages in H
of E(H), O(H), respectively. By Lemma 1 E(P )  H and hence E(H) = E(P ), and
H1  P . If S  P is a Sylow◦ 2-subgroup with N◦(S)  P , we have H2  N◦(S) and
thus H2  P . Hence H =H1H2  P , and H = P . ✷
5. Elimination of O2′
Notation.
1. A group without involutions is called a 2⊥-group.
2. O2′ denotes the maximal normal definable 2⊥-subgroup of G, if it exists.
Lemma 2. Let G be a group of finite Morley rank and of even type. Then there is a unique
maximal normal definable 2⊥-subgroup of G.
T. Altınel et al. / Journal of Algebra 269 (2003) 250–262 261Proof. We may suppose that O(G) = 1. Then every definable normal 2⊥-subgroup of
G is finite and we need only bound its order. We may suppose that G is connected. Then
O2′(Z(G)) exists, as that group is abelian and of even type, and O2′(G)=O2′(Z(G)). ✷
Proposition 3. Let G be a connected simple K∗-group of finite Morley rank, and of even
type, and P a parabolic subgroup. Then O2′(P )= 1.
Proof. We have P =N◦(Q) with Q a nontrivial definable 2-subgroup of G. We suppose
that P contains a Borel subgroup B of G and we set S =O2(B), which is connected by
Fact 2. Let A=O2′(P ).
By Fact 8 we have O(P)= 1. Thus A is finite and central in P . In particular [A,S] = 1.
We claim that C(G,S) C(A). Then by the C(G,T )-theorem (Fact 16) and inspection of
SL2(F ), we have A= 1, as claimed.
Accordingly, let X  S be B-invariant, definable, and connected, and set H =N◦(X).
Our claim is that [H,A] = 1. By inspection of P/O2(P ) (Fact 4) we find that A  B ,
hence AH . Thus A is a 2′-group with [A,S] = 1, and S is a Sylow◦ 2-subgroup of H .
By Fact 5, we find A σ(H).
As H/σ ◦(H) is a central product of algebraic groups of characteristic 2, and
σ(H)/σ ◦(H) is central in H/σ ◦(H), it follows that σ(H)/σ ◦(H) has odd order. Then
by the Corollary to Fact 7, σ(H)/O2(H) is a 2⊥-group. By Fact 9, Cσ(H)(O2(H)) splits
as Z(O2(H))×O2′(Cσ(H)(O2(H))), and hence A  O2′(Cσ(H)(O2(H)) O2′(H). By
Fact 8, O(H)= 1, so O2′(H) is a finite normal subgroup of H , and O2′(H)Z(H). Thus
[H,A] = 1, as claimed. ✷
Propositions 1 and 3 yield the theorem stated at the outset.
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